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Introduction
Measuring consumption externalities has always been considered a challenging issue in applied research. Usually, direct methods (i.e., contingent valuation method (CVM), experimental analysis) and indirect evaluation methods (i.e., hedonic prices, travel cost methods) are used to estimate externalities. The advantages and disadvantages of these techniques have long been debated in the literature 1 . In this paper, a different approach is used to evaluate consumption externalities. We estimate Nash equilibrium consumption externalities in petrol budget shares of households living in a metropolitan area in UK, using consumer theory and a large data set. As far as we know, this is the first attempt to measure interdependent consumption externalities using this approach. The estimation of petrol externality is interpreted as a proxy of the traffic congestion in this area.
The reaction curves are derived from an Almost Ideal Demand System (AIDS) with externalities. They are actually Engel curves with externalities. The most recent studies of the Engel curves (see for example Hildenbrand (1994) , Hausman et al. (1995) , Banks et al. (1997) ) indicate that the standard linearity assumption in the logarithm of expenditure doesn't provide a satisfactory explanation of budget shares for particular goods (i.e. clothing, alcohol, non durable goods), but additional terms are required. The non parametric analysis suggests that higher order income terms should be added (in Banks et al. (1997) these higher income terms are quadratic in order to satisfy the integrability requirements of the demand system). In our work, instead, we suggest that for petrol, the term to be added is the externality effect.
To estimate and test the significance of the externality effect, we use a continuous set of ten year cross sections from the Family Expenditure Surveys (1991) (1992) (1993) (1994) (1995) (1996) (1997) (1998) (1999) (2000) . In each year, income decile cohorts are created. The income cohort mean of each variable can be essentially interpreted as an 1 The major advantage of CVM is to provide a measure of non-use values of the environment. The validity and reliability of its estimates are questionable due to inherent measurement biases: the most cited are the embedding effect (Diamond and Hausman (1994) , Kahneman and Knetsch (1992) ), the strategic behaviour of the respondent (Schulze, d' Arge and Brookshire (1981)), the issue that the willingness to pay reflects only hypothetical decisions and not the actual decisions. The pros and cons of the experimental approach have been summarised by Cornes and Sandler (1996) p. 510-511. Also the hedonic price method is not free of criticisms (multicollinearity problem in the regression, strong assumptions on the aggregation process and on the competitive framework). The travel cost method has a limited applicability. It can be used essentially to estimate recreational values.
individual panel observation, reproducing the behaviour of the income representative household through time. Data can be treated as panel data. The structural form is a non linear simultaneous equation model with 10 endogenous variables represented by the total petrol budget expenditure means of each decile cohort. The estimation of the equations simultaneously is equivalent to the estimation of the Nash equilibrium in petrol budget shares. To have a unique numerical estimation of the structural coefficients of our model, we show that the system of simultaneous equations is identified. Results of 2SLS with Panel Data are presented after 2SLS estimates with cross sections have been analysed.
Two restricted models are not rejected by the data: the restrictive model in which only the externality generated by few distinctive cohorts is significant, and the other restrictive one in which the externality is represented by the sum of the petrol total expenditure of the remaining cohorts (the single common popular case). Using non nested procedures, the two restricted models are compared. The single common popular is the model accepted by the data. The single popular fixed effect model and the random effect model are compared and tested. The random effect model is accepted. There is evidence that the household petrol consumption pattern is explained by income and externality variables. Particularly, income is significant for the six poorest households. For the richest households only externality variables and the intercept are significant. The acceptance of the single popular externality model has an important welfare implication. In order to internalise the negative externality effect, a tax independent of household income should be applied.
The structure of this paper is as follows. In the second section we analyse the theoretical model. The stochastic framework is introduced in Section 3. After a section of data description (Section 4), we present the Nash equilibrium estimate (Section 5). The specific cohort externality model is estimated in Section 5.1. In Section 5.2 we show that the single popular externality effect model is accepted by the data. The same result is obtained also for larger data set (see Section 6).
Almost Ideal Demand System with externalities
In this section we provide a theoretical economic foundation of our work. A partial equilibrium framework is assumed, in which prices, demographic variables, incomes are the exogenous variables of the model. The reaction curves are derived from an Almost Ideal Demand System (AIDS) with ex-ternalities (2) . They can be interpreted as Engel curves with externalities. Solving for the system of reaction curves, the Nash equilibrium is obtained.
Reaction curves
Suppose that petrol is good 1. Each household has a AIDS preferences with an expenditure function of this type:
where p is the vector of prices, z ht is the vector of demographic variables such as number of children, age, number of workers in family h at time t,
is the deflated average total expenditure by each family other than h at time t, u ht is the utility function of family h. This term represents the externality of our model. Essentially, petrol consumption is proportional to car travel which is the source of congestion. To develop a model consistent with the standard conditions required by the consumer demand theory (satisfaction of the budget constraint and homogeneity of degree 0 in prices of the income budget share constraint), particular restrictions on the parameters of the function specified in (1) should be imposed:
Applying Hotelling rule, the budget share of good 1 (petrol) of household h is given by 2 :
Finally, the reaction curves of the model are:
or in a compact form:
where:
In the sequel we approximate P by the deflator. To deflate, we have used the deflator 1999 series presented in the appendix B. For example, to deflate the log of total expenditure of year, say 1991, we have used the following procedure: logm ht = log M ht /P = log M ht − log(80.2/100). Differences in petrol budget share expenditures among households are imputed to differences in income level, demographics, externality effects, type of preferences. These reaction curves can be interpreted as petrol Engel curves for each household with externality effect. The applied microeconomic analysis of the relationship between commodity consumption and income has a long tradition in the literature. Engel (1895), Working (1943) , Leser (1963) are recognised as the seminal works in this area. Muellbauer (1976) , Deaton and Muellbauer (1980) and Jorgenson et al. (1982) specify all the requirements to make Engel curves compatible with integrability consumer theory. Recently, non parametric analysis suggests that quadratic income term should be added (see for example Hildenbrand (1994) , Hausman et al. (1995) , Banks et al. (1997) ) to have a satisfactory explanation of the budget share Engel curves for particular goods (i.e. clothing, alcohol, non durable goods). In our work, instead, we suggest that for the petrol case, the term to be added is the externality effect. To estimate and test the significance of the externality, particular restrictions on the externality effect are imposed in the stochastic framework.
Stochastic framework
Let us assume that the stochastic term satisfies the condition E ∈ jh = 0 and Var (∈ jh )=σ 2 j for each h. The disturbance is normally distributed in the population as a whole with the implication that the standard normal variable ∈ jh /σ 2 j has a mean of zero and a variance of 1. Since we are looking only at the single equation for petrol, we are also dropping the subscript specification of the good. The stochastic framework of our structural model coincides with the reaction curves previously defined, corrected by the error term:
To avoid identification problems (numbers of parameters greater than the number of observations), the data are reorganised as follow:
• the households are grouped in 10 different cohorts according to the income decile of belonging;
• in each cohort, each household has identical parameters, i.e. identical preferences (b h = b; a ih = a i ; C h = C for each h);
• for each decile we compute the mean of each variable in every year, which is represented by a bar symbol over the letter;
• for any decile h, any other decile k has the same externality effect C k for all decile h (with h = k );
• the coefficient of the externality is constant through time.
Since we are dealing with ten cross sections, the stochastic framework of the structural form of the model becomes under these assumptions:
C h is the parameter of the externality variable of cohort h. It indicates the effect on average of the externality caused by the petrol total expenditure of decile h on the petrol budget share of the remaining deciles. A ih , b h measure respectively the mean effect of the demographic variable i and of the log of income of decile h of each cohort on the dependent variable. Ten representative decile cohorts have been thus created, each of them representing the mean consumption behaviour through time of a household with particular income condition. The first decile cohort is tracking the consumption pattern of the poorest representative household through time, the last decile of the richest one. Previous literature on cohort analysis has been used to test life-cycle theory. For example, Browning et al. (1981) estimate the individual life-cycle of hours and wages. They simulate a panel data using cohort means of a continuum of household cross sections. The cohorts have been created according to the age of the head of the household. The age cohort mean of each variable can be thus essentially interpreted as an individual panel observation, reproducing the behaviour of the representative consumer in a particular period of his life. In our case, the information on consumption patterns are at a more aggregate level since the households have not been grouped on the basis of an individual variable but considering a household variable. The representative consumer interpretation seems appropriate only assuming that the head of household income is the main source of household total expenditures. It seems difficult, also, to interpret this model in term of life cycle theory. We can't test if the financial conditions of the representative household in time t are stationary or are evolving in the following time periods.
To estimate the model, the externality effect can be approximated to E ht = w ht * m ht for each h = 1, ..10 and t = 1, ..10. Considering the low variability of the income in each cohort decile, this approximation is acceptable. In a vector form the model becomes :
where w h , z ih , m h , logm h are the ten observation vectors respectively for the petrol budget share, demographic variable i, income and log of income of the decile cohort h (with h = 1, ..10).
The structural form is a non linear simultaneous equation model with 10 endogenous variables represented by the total petrol budget expenditure means of each decile cohort. The estimation of each equation independently of the others is equivalent to the estimation of each single reaction curve. But the estimation of the overall system requires the imposition of an equilibrium condition. In brief, the estimation of the equations simultaneously is equivalent to the estimation of the Nash equilibrium behaviour in the petrol pattern consumption of each representative cohort. To have a unique numerical estimation of the structural coefficients of our model, the system of simultaneous equations should be identified. Let us define M as the number of exogenous variables in the system; M i as the number of exogenous variables appearing in equation i; G the number of endogenous variables. A necessary condition for a system to be identified is that for each equation the number of excluded exogenous variables ( M − M i ) should be at least as great as the number of included right-hand-side endogenous variables ( G − 1). This is the "order condition" for identification of each equation (see, for example, Wooldridge (2001) p. 215). In our case this condition is satisfied since M − M i > G − 1 in each equation. The satisfaction of the order condition is not sufficient for the identification of the parameters of the structural equations. Another condition should be satisfied, the so called "rank condition". Let us define R i as the J i × (G + M) matrix of known constant where J i is the number of restrictions on the vector of structural parameters of equation i. In a linear system of endogenous variables, the coefficients of the structural equations are identified if and only if the rank
structural parameters in the system (see, for example, Wooldridge (2001) p. 218). In our case, the system is non linear in the endogenous variables since the right hand side endogenous variables are multiplying the exogenous income variables. To simplify the estimation, one method extensively used is to relabel the non linear function of the endogenous variables as new variables. In our model, thus, we have ten additional endogenous variables. It has been shown (see Wooldridge (2001) pp. 230-234) that using this method the rank condition should be applied "without increasing the number of equations" (Wooldridge (2001) p. 234): in our case rank R i B = 9 for the identification of the system. In the appendix A, we show that this condition is satisfied. The model is, in principle, overidentified, since the number of excluded exogenous in each equation is greater that the number of right hand side endogenous variables. The estimates of the structural parameters are not unique. One way of ensuring uniqueness is to apply 2SLS to a system of simultaneous equation model overidentified. Before presenting the empirical results applying this technique, the data set is described in the next section.
Data description
We used data from the 1991 to 2000 Family Expenditure Surveys (FES) of the United Kingdom to estimate the externality effect. The ten cross sections of seven thousand British families have been divided into different subsamples according to the geographic location of each household. The geographic location has been specified by two spatial variables: standard region (i.e. North West, North, Welsh, Greater London,...) and administrative area (i.e. metropolitan-non metropolitan area classified according to the density of the population). Each subsample represents thus the expenditure record of families living in the same geographic region with the same population density. Among all the subsamples created, we have decided to focus on the samples of families living in metropolitan zones since only in these zones the public transportation system is extensively developed, offering a valid alternative to personal motoring. The decision between using the car or using the public transportation system can be thus affected by the traffic congestion of the area. In non-metropolitan or rural area this alternative is not effectively present due to the relative lack of the local transportation. Personal motoring may represent the only option for households, despite of the level of traffic congestion reached in the area: it should be difficult to test the presence of negative interdependent externalities in the petrol expenditures of resident households. We have also excluded London since it has always represented an exception for the complexity of its urban structure and transportation systems. From the five samples created in each year (respectively for Glasgow, Newcastle, Leeds, Manchester, Birmingham), in this paper we have chosen to present the results of the estimates of the petrol consumption externalities of households located in Newcastle and surroundings. Table 1 shows the number of observations available for our study in each year. Each cross section represents the random sample of households living in Newcastle each year. We cannot follow the individual household behaviour through time, as in the panel data. But since we are dealing with a continuum of cross sections, in each year we can create representative households according to particular criteria and follow the consumption of these representative households through time. In Browning et al. (1985) the households have been grouped according to the age of the head of the households. In our case the representative households are created in relation to the income decile to which they belong. We have originated ten income cohorts in each cross sections. Looking at the mean behaviour of these cohorts of households through the surveys, we can track the mean behaviour Table 2 indicates the number of observations in each random sample once the missing values have been dropped. As expected, the missing values are present in the less recent cross sections (1991) (1992) (1993) . Table 3 and Table 4 examine respectively the means over time for each decile and the overall means of each sample without missing values. The means of the demographic variables are not significantly affected once the missing values have been eliminated. Only the sample overall means of the variables in the three cross sections 1991-1993 are influenced. In principle, we could have left the missing values: they are irrelevant for the robustness of our estimations. For methodological accuracy, we have decided to drop them.
The number of workers and the number of cars are on average increasing in each decile. The age of the head of the household tends to decrease. Since our aim is to measure the interdependence in petrol expenditures for motoring, the samples have been further selected considering only households owning at least a car and with positive petrol expenditure. We are not considering corner solution equilibria. This sample selection may cause sample selectivity bias. We claim that the inconsistency caused by this selection is however negligible. The set of households without cars almost coincides with the set of households with null petrol budget shares. We are essen- tially doing a sample selection based on independent variables, that doesn't cause significative statistical problems (see for example Wooldridge (2003) p. 310). Table 5 shows the number of households in each random sample once households without cars or with a null annual petrol expenditure have been eliminated. Since the random samples selected are now more restricted, the households are less heterogeneously distributed as before. In Table 6 it is possible to observe that the means of the demographic variables for each year sample don't vary significantly over time: the factor of randomness of the samples has been reduced. Looking at Table 7 , the average number of workers increases in each decile while the average age is significantly reduced in each cohort, sensitively in the lowest deciles. This suggests that the number of observations dropped refer principally to single unit households of pensioners or unemployed.
As expected, the means over time for workers and cars are increasing in each decile. The decile cohorts in the middle of the income distribution have the higher number of children on average. The oldest households belong to the lowest decile, characterised principally by pensioners. Let us now consider the means within decile and over time of total petrol expenditure deflated 3 and petrol budget shares (see Table 8 and Table 9 ). From Table 8 it is evident that the increase in total expenditure in each decile cohort is more than proportional to the increase in petrol expenditure. Even if the total petrol expenditure is increasing in each decile cohort, the petrol budget share results diminishing. Measuring the externality in terms of petrol budget shares is thus not appropriate. For example, the richest families spend more in petrol (they cause more traffic congestion than the poorest families) but their petrol budget share is less that the poorest families. Representing the externality in terms of budget shares would be biased by household income level. In order to avoid misleading measures of this effect, we represent externality as average total petrol expenditures. In Table 9 , instead, we can observe that the year mean of total expenditure deflated and petrol expenditure deflated tends to increase proportionally through time: the petrol budget share means are almost constant. In the following sections we present the estimates of our work.
Econometric Results: Estimation of the Nash equilibrium
In this section the Nash equilibrium estimates are presented. Firstly, we show that a restricted version of model specified in (3) is accepted (the accepted restrictions are C 1 = C 2 = C 4 = C 5 = C 6 = C 9 = 0 (see Section 5.1)). Secondly, another restricted model is considered: the single popular externality effect. The restrictions imposed are: C 1 = ... = C 10 = C (see Section 5.2). The two restricted models are compared and tested. For both of them, after the cross section estimates we present the results of the panel data estimators.
The Restricted Specific Cohort Model
As previously explained in Section 3, the structural form of our model is a non linear system of simultaneous equations. To simplify the method of estimation, the system is rearranged as follows: 
We have transformed the original non linear simultaneous equation model into a linear system with endogenous variables. The dependent variable is represented by the petrol budget share vector of each decile (w h with h = 1, ..10), the included exogenous variable i is a variable with demographic or income decile h observations if the decile= h and null observations if decile h = k (with h and k = 1....10). The externality variables are the endogenous variables of the system. Externality variable h is characterised by null observations if decile=h, and petrol total expenditure for the remaining deciles. We are assuming that the petrol total expenditure of each cohort is affecting the petrol budget shares of the other cohorts with the same intensity.
Since the endogenous variables are correlated with the error terms, to provide consistent and efficient estimations an appropriate estimation method is required. We should find a set of instrumental variables (excluded exogenous) correlated with the endogenous variables but uncorrelated with the error terms. The first stage of the estimation consists in regressing each endogenous variable on all the exogenous variables. The second stage consists in running the structural equation regression, replacing each endogenous variable with its own fitted values stored in the first stage regressions. To ensure valid standard errors and t statistics, we have applied 2sls Stata econometric package. The cross-section estimates are shown in Table 10 .
These estimations are the final results of the 2sls stepwise regression, once the less significant variables have been dropped out in each step on the base of a t test. The unrestricted model has been thus rejected in favour of a more restricted one, assuming that C 1 = C 2 = C 4 = C 5 = C 6 = C 9 = 0. The demographic variables seem almost irrelevant in the explanation of the consumption pattern of household petrol budget expenditures (only the number of cars in decile 1 is significant at the 2.5 percent of the confidence interval). The significant variables that explain the household consumption behaviour of this good are the log of deflated total expenditure and externality variables. All the diagnostic test requirements are satisfied and there is evidence of endogeneity (see Table 11 ).
The Sargan test is also denominated "specification test" or test for "overidentifying restrictions". It tests that the set of instruments is "well specified", uncorrelated with the errors term. On the basis of the result shown in Table 11 , we cannot reject the hypothesis that the set of instruments are uncorrelated with the error term even at a 10% confidence level (see Sargan Test: the value of the Chi-square distribution with 15 degrees of freedom is below the 10% critical level). The set of instruments satisfies the requirement of exogeneity 4 .
The test for endogeneity is checking that the residuals obtained from the reduced form for the endogenous variables using OLS are significant in the structural equations. In this case we reject the hypothesis that the coefficients of the residuals null at the 1 per cent significance level.
We can not reject the hypothesis that the error terms are homoskedastic (Heteroskedasticity test) 5 , independently and identically distributed as a normal N ∼ (0, σ 2 ) (Normality test). This is evident also from the Fig. 1 .
We reject also the hypothesis that the coefficients of the structural model are null (testing beta=0).
In Fig. 2 we graph the actual and fitted values of our model. The observations are distributed along the intercept of the quadrant, but with a significative dispersion.
Particularly, in Table 12 the results of the fixed effect model are presented.
The externality variables have still a significative explanatory power, but not surprisingly the log of income variables are no longer significant in this case. Probably because of the lack of variability of these variables through Figure 3 and 4 where the log of deflated total expenditure is almost constant for each decile through time. The fixed effect model cannot be a suitable framework to explain our problem, since the hypothesis of null individual specific dummy variables is accepted on the base of the F test specified in Table 12 . The unobserved fixed individual effects are thus irrelevant to explain the household externality behaviour. The random effect model is inestimable due to the fact that the rank of the variance covariance matrix is null. In this framework, when few cohort specific externality variables are significant, the cross section methodology is the most suitable to explain the data set. Let us consider another specific case of our original model: the single popular externality effect.
The Single Common Popular Channel
In the previous section a restricted form of the original model has been estimated. Another special case of the original model can be considered: the common popular single channel effect, in which the individual household budget share is affected by the petrol expenditure of the other representative cohorts. The restrictions imposed are thus: C 1 = ... = C 10 = C. The result of the pooling independent cross section estimates are shown in Table 13 .
As in the previous case only income and externality regressors are relevant in the explanation of the household petrol consumption: demographic variables result almost irrelevant, numbers of car are significant only for the less wealthy households. Income is important for the six poorest deciles.
For the richest households only externality variables and the constant are significant in explaining their petrol consumption behaviour.
The cross section regressions satisfy all the diagnostic test requirements (see Table 14 ). Since we are dealing only with one right hand side endogenous variable, the test of endogeneity is a t test on the residuals of the reduced form of the externality variable in the structural equation. Since the residual variable is significant, we can not reject the hypothesis of endogeneity.
Also in this case the standard errors are independently and identically distributed as a normal function (see Fig. 5 ). Fig. 6 plots the actual and fitted values of petrol budget shares assuming the single popular externality hypothesis. Comparing to Fig. 2 , the observations show less dispersion along the 45 degree line. This observation can be sufficient to reject the model estimated in the previous section. For a more rigorous procedure we use the Davidson-MacKinnon test for non nested model 6 .
In Table 15 we show the results of testing the single popular externality model against the restricted cohort specific externality model previously estimated. Since the fitted values of the first model presented in this section are not statistically significant we can not reject the single popular externality model.
In Table 16 instead the cohort specific externality effect is tested against the single popular channel. Also in this case the fitted values of the second There is common agreement that the comparison of the adjusted R 2 can be used to discriminate between the models (see, for example, Wooldridge (2003) p. 295). In this case the common popular model appears to be the most appropriate to describe households consumption behaviour (its adjusted R 2 value is higher that the one of the other model). Since the single common popular is the accepted model, we can extend further the analysis of its interpretative power considering a panel data setting. In Table 17 and Table 18 the results of the fixed effect model and of the random effect are respectively presented. As in the previous case, the fixed effect is rejected on the base of a F test.
Also the Hausman test favours to the random effect method:
The null hypothesis that the difference between the fixed and the random effect coefficient is not systematic is accepted. It is not possible to reject the hypothesis at the base of the random effect method that the unobserved Comparing the random effect model with the independent pooling cross section model, it is interesting to notice the similarity of the estimate results.
Other metropolitan area data sets
This paper focuses on the measuring of Nash equilibrium consumption externalities in petrol budget shares of families living in Newcastle area. In UK, there are other four metropolitan areas: Birmingham, Leeds, Glasgow, Manchester. The Glasgow data set has similar number of observations to the Newcastle data set (795 observations without missing values and with positive petrol budget shares). The data set of families living in Birmingham with a positive petrol budget expenditure is characterised by 1543 observations. The number of observations for households in Leeds is 2155. The biggest data set is characterised by the year random samples of households living in Manchester (2292 observations once missing value and null petrol expenditure have been eliminated). The results obtained in the relatively small data set representing the Newcastle area are still confirmed Table 19 we estimate the single popular externality model with independent pooling cross sections for Manchester (the sample with the largest number of observations). There is still evidence of negative externality effects in the households petrol expenditures. Also in this case all the diagnostic requirements are satisfied (see Table  20 ) and the externality variables is endogenous.
The fixed effect model is not accepted: the F test on the individual dummies does not reject the null hypothesis: F (9, 77) = 0.60. The results obtained in relatively small samples are still confirmed once larger number of observations are considered. 
Conclusion
We provide empirical estimates of Nash equilibrium negative externalities in household petrol budget shares. For this purpose we have used a continuum of ten cross sections from FES (1991) (1992) (1993) (1994) (1995) (1996) (1997) (1998) (1999) (2000) , selecting random samples of households living in Newcastle. In each year the household observations have been grouped according to the household income decile. Ten representative income decile cohorts have been created. We evaluate two restricted models, namely the cohort specific externality effect and the single popular case, using cross section and panel data techniques. The single popular model is the one most suitable to describe the consumption behaviour of our samples. This result is confirmed also for data sets with larger observations. We suggest that, in order to internalise the externality effect, a tax independent of household income should be implemented. Appendix A: Identification of the system
Consider the system (3): To simplify the analysis suppose that the system is organised in three decile cohorts and that only one demographic variable is present in each equation: w 1 = A + A 11 z 1 + C 2 w 2 * m 2 + C 3 w 3 * m 3 + b 1 logm 1 + e 1 w 2 = A + A 22 z 2 + C 1 w 1 * m 1 + C 3 w 3 * m 3 + b 2 logm 2 + e 2 w 3 = A + A 23 z 3 + C 1 w 1 * m 1 + C 2 w 2 * m 2 + b 3 logm 3 + e 10
The model is a non linear simultaneous system in three endogenous variables w 1 , w 2 , w 3 (G = 3) with six predetermined exogenous variables (M = 6) and two predetermined variables for each equation (M i = 2). According to Fisher (1965) , for identification it is sufficient to relabel w i * m i as new variables (with i = 1, .., 3) and to obtain that rank R i B = 2 (the number of the original endogenous variables minus 1).
The "extended" form of our model becomes: w 1 = e 12 w 2 + e 13 w 3 + A 11 z 1 + A 12 z 2 + A 13 z 3 + C 11 w 1 * m 1 + C 12 w 2 * m 2 + C 13 w 3 * m 3 + b 11 logm 1 + b 12 logm 2 + b 13 logm 3 + A + e 1 w 2 = e 21 w 1 + e 23 w 3 + A 21 z 1 + A 22 z 2 + A 23 z 3 + C 21 w 1 * m 1 + C 22 w 2 * m 2 + C 23 w 3 * m 3 + b 21 logm 1 + b 22 logm 2 + b 23 logm 3 + A + e 2 w 3 = e 31 w 1 + e 32 w 2 + A 31 z 1 + A 32 z 2 + A 33 z 3 + C 31 w 1 * m 1 + C 32 w 2 * m 2 + C 33 w 3 * m 3 + b 31 logm 1 + b 32 logm 2 + b 33 logm 3 + A + e 3 with e ij = A ij = b ij = 0 if i = j with i = 1, 2, 3 and j = 1, 2, 3 and C ij = 0 if i = j.
Consider the rank condition for equation 1. We should prove that rank R 1 B = 2. The matrix R 1 and B (previously defined in section III) are respectively: 
e 21 e 31 e 12 -1 e 32 e 13 e 23 -1 b 11 b 21 b 31 b 12 b 22 b 32 b 13 b 23 b 33 a 11 a 21 a 31 a 12 a 22 a 32 a 13 a 23 a 33 c 11 c 21 c 31 c 12 c 22 c 32 c 13 c 23 c 33
The matrix R 1 B is thus: Imposing the restrictions previously specified (e ij = A ij = b ij = 0 if i = j with i = 1, 2, 3 and j = 1, 2, 3 and C ij = 0 if i = j), we get finally:
The rank R 1 B = 2: the first equation satisfies the rank order condition for identifiability. Applying the same method, we can prove that the order condition is satisfied also for the other equations. We have reorganised the system in three cohorts, for analytically convenience. This proof can be easily extended to the system of 10 cohorts. Using the same method, the condition rankR 1 B = 9 is proved.
